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Abstract 

Generalized Fibonacci cube Qd{f), introduced by Ilic, Klavzar and Rho, is the 
graph obtained from the d-hypercube Qd by removing all vertices that contain / as 
a substring. The smallest integer d such that Qdif) is not an isometric subgraph of 
Qd is called the index of /. A non-extendable sequence of contiguous equal digits in 
a string /i is called a block of fi. The question that determine the index of a string 
consisting of at most 3 blocks is solved by Ilic, Klavzar and Rho. This question is 
further studied and the index of a string consisting of 4 blocks is determined, and 
the necessity of a string being good is also given for the strings with even blocks. 

Key words: Generalized Fibonacci cube; Index of a string; Good string; Bad string. 

1 Introduction and Preliminaries 

Hsu [T] introduced Fibonacci cube as a model for interconnection networks, which has 
similar properties as hypercube. The vertex set of Fibonacci cube F^ is the set of all 
binary strings 6162 • • ■ containing no two consecutive Is and two vertices are adjacent 
in F^ if they differ in precisely one bit. Klavzar and Zigert [ 7 ] applied Fibonacci cubes 
in chemical graph theory and showed those cubes are precisely the resonance graphs of 
hbonaccenes. More generally Zhang et al. [ 10 ] described the class of planar bipartite 
graphs that have Fibonacci cubes as their resonance graphs. For more about Fibonacci 
cubes, see [S] for a survey. 
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A binary string / is called a factor of binary string /i if / appears as a seqnence of 
I/I consecntive bits of /x, where |/| denotes the length of /. can be seen as the graph 
obtained from by removing all strings that contain 11 as a factor. Inspired by this, Die, 
Klavzar and Rho [3] introduced generalized Fibonacci cube, Qdif), as the graph obtained 
from Qd by removing all strings that contain / as a factor, where / is some given binary 
string. In this notation Fibonacci cube F^^ is the graph Qc;(ll). The subclass of 

generalized Fibonacci cube has been studied in [S1I2]. 

For a connected graph G, the distance dcifa, tz) between vertices fa and n is the length 
of a shortest fi, z/-path. Given two binary strings a and /3 with the same length, their 
Flamming distance F[{a,/3) is the number of bits in which they differ. It is known that 
|lj for any vertices a and ft of Qd, H{a,ft) = dQ^{a,ft). 

Obviously, for any subgraph H of G, dnifi, v) > dG(/x, v)- If dir(/x, v) = dG(/x, v) for 
all /X, z/ G V{H), then H is called an isometric subgraph of G, and simply write H ^ G, 
and H G otherwise. 

A string / is good if Qd{f) ^ Qd for all d > 1, it is bad otherwise [6]. The index 
of a binary string /, denoted B{f), is the smallest integer d such that Qd{f) Qd [3]. 
Obviously, / is good if and only if B{f) = +cxo and / is bad if and only if B{f) < +cx). 
It was shown that for about eight percent of all strings are good [B]. 

A non-extendable sequence of contiguous equal digits in a string a is called a block 
of a. Let F' = { / I / is a string consisting of at most 3 blocks}. The question that 
determine the index of f E F' was solved by Ilic, Klavzar and Rho [3]. The result is 
shown in Table 1. 


Table 1: Classification of the index of the string f £ F'. 


-jvy 

r 

s 

t 

B{f) 

TiT 

r > 1 

s = 0 

t = 0 

+ 00 

72T 

r > 1 

s = 1 

t = 0 

73T 

r = 2 

s>2 

t = 0 

s + 5 

~WT 

r > 3 

s >3 

t = 0 

2r + 2s - 2 

(5') 

r > 1 

s > 1 

t > 1 

r + s + t + 1 


This question is further studied for the strings consisting of even blocks in this paper. 
Let / = where Xj > 1, x/j > 1, x = 1,..., n and n > 2. We find 5 

classes of bad strings and give a necessity of a string being good in the following theorem. 
Theorem 1.1. If f is good, then it satisfies one of the following cases: 

(a) xi = 1 and Vn = Vi + 1, 
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(b) xi = Xn = l and yi = yn, 

(c) Xi = 1, Xn > 2 and yi = yn + I and 

(d) xi = 1, Xn = 2 and yi > yn + 2. 

We pay special attention to the strings consisting of 4 blocks. Let F = {f = 
r, s, t and k>l}. We get the following resnlt. 

Theorem 1.2. Let f E F. Then B{f) is given just as shown in Table 2. 


Table 2: Classification of the index of the string f E F. 



r 

t 

s 

k 

L!(f) 

(1) 

r = 1 

t > 1 

s > 1 

k = s + l 

+00 

{2} 

r = 1 

t = 1 

s = k 

k > 1 

(3) 

r = 1 

t > 2 

s = k + 1 

k > 1 

(4) 

r = 1 

t = 2 

5 ^ “h 2 

k>2 

(5) 

r >t + 3 

t > 1 

S > 3 

k = 2 

2r + 2s + t + 2 


r = t + 2 

t > 1 

s > 2 

s>k>l 

3t + 2s + k + 2 

(7) 

r > t + '6 

t > 1 

s > 3 

k = 1 

2r + 2s + t + k — 1 

r = t + 2 

t > 1 

s = i 

k = 1 

r = t + 2 

t > 1 

s > 2 

k = s + l 

(8) 

r = t + 1 

t > 2 

s > 1 

k = s + 1 

r + 2s + 2t + k 

r = 2 

t = 1 

s > i 

k > s + 1 

r >'6 

t = 1 

s = i 

k > 3 


r = 1 

t = 1 

S>1 

k > s + 3 

2s + k + 4 

“(Tor 

r = 1 

t = 1 

s > k + 1 

k > 1 

2k + s + 3 

“(Tir 

r >2 

t = r 

s > k + 1 

k > 1 

3r + 2s + k — 1 

“(Tr“ 

r > 1 

t>r + 2 

s > k + 2 

k > 1 

2s + 2t + r + k — 2 

“(T3r 

2 > r > 1 

t = 2 

s>l 

k > s + 3 

2s + k + r + 4 

(14) 

r > 3 

t = 2 

s > i 

k > s + 3 

2(r + s + t + k — 1) 

r = '6 

t = 1 

s > 2 

r >t 

t > '6 

s > i 

r >'6 

t > r + 1 

s > i 

(15) 

r > 2 

t = r + 1 

s > k + 1 

k>2 

T H- ‘2s -\- 2t -\- k -\- 2 

r = t + l 

t > f 

s>k 

k >2 

r = t + 2 

t > f 

s > 2 

k = s + 2 

r = t 

t >2 

s > 2 

k = s 


In the rest of this section some necessary definitions and resnlts are introdnced. With 
Cj we denote the binary string with 1 in the i-th bit and 0 elsewhere. For strings a and /3 
of the same length let a + /3 denote their snm compnted bitwise modnlo 2. In particnlar, 
a + Cj is the string obtained from a by reversing its Fth bit. The nnll string, denoted by 
A, is a string of length zero. For the convenience of nse, let fis,t be the factor of y that 
starts from the s-th bit to the t-th bit if t > s and A if f < s, where s < |/i| and t < |/r|. 

Let a = 0102 • • • and jd = hib 2 - ■ - with a[d we denote 01 O 2 ••• 0^^6162 
with = ttdi ■ ■ ■ 02 O 1 denote the reverse of a and a = oT 02 • • -Odj the complement of /, 
where fi = 1 - fi, i = 1,... ,d. 

Proposition 1.3 (|3l|). Let f be any string and d>l. Then Qd{f) — Qd{f) — Qd{f^)- 
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For two vertices fi and u of graph G, the set of vertices lying on shortest /r, i/-paths is 
called the interval between fi and v, denoted by Let a and (3 G V^Qdif)) and 

p >2. Then a and {3 are called p-critical words |3] for Qd{f) if dQ^{a,/3) = H{a,P) = p, 
but none of the neighbors of a in Iq^ (a, (3) belongs to Qd{f) or none of the neighbors of (3 in 
lQj^{a,(3) belongs to Qd{f)- The following proposition gives a tool to prove Qd{f) Qd- 
Proposition 1.4 (|3j). If there exist p-critical words for Qd{f) for some p > 2, then 

Qdif) Qd- 

Proposition 1.5 (|Bj). Suppose that Qdif) Qd- Then Qd'if) Qd' for all d' > d. 
Note that if / is bad, then Qdif) ^ Qd only for d < Bif) by Proposition 1.5. 

We proceed as follows. In the next section, we study the strings with even blocks. A 
few special classes of bad strings are given and Theorem 1.1 is proved. In the last section. 
Theorem 1.2 is proved, in other words, the index of every string consisting of 4 blocks is 
determined. 


2 Strings consisting of 2n blocks 

In this section we give 5 classes of bad strings with 2n blocks, which will be used to give 
the necessity of a string being good, and also to classify the index of a string from F in the 
next section. All the strings considered in the following lemmas and theorem consist of 2n 
blocks. Assume without loss of generality that / = • • • 1^"0^" by Proposition 

1.3, where x, > 1, Pi > 1, i = 1,..., n and n > 2. 

n 

Lemma 2.1. If xi >2 and Pn > 2, then Qdif) 3^ Qd for d > 2'Y^ixi + Pi) — 2. 

i=l 

n 

Proof. Let do = 2J2ixi + Pi) - 2, 

i=l 

a = 1 ^ 202/2 . . . lXnQyn- 2 lQlXl- 2 QyilX 2 Qy 2 . . . IXrrQyr. g^nd 

f3 = . . . lX„Qyn-2Q^^Xl-2Qyi^X2Qy2 . . . IXnQyn^ 

Note that |a| = |/3| = do, Hia,(3) = 2 and the only vertices on the two shortest 
a,/9-paths in Qd^ are 

^ = pi0yil^2gy2 . . . j^a:2gy2 . . . -^Xn^yn 

1/ = l^i()yil^2Qy2 . . . ]^3;™gyn-2]^xi Qyi-^x2Qy2 . . . Y^n^yn _ 

But none of p and v is a. vertex of Qdoif)- Now we claim that a and /3 are vertices of 
Qdoif)- If fhis claim holds, then a and (3 are 2-critical words for Qdoif)-, hence Qdoif) 3^ 
Qdo by Proposition 1.4. To prove this claim we can check every factor of consecutive 
2n blocks contained in a or /9 is / (or not) by a system of equations and inequalities 
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has a solution of positive integers (or not). Obviously, we only need consider the factors 
beginning the block consisting of Is. There are four cases to be considered: (a) Xi > 3 
and Un > 3; (b) Xi > 3 and Un = 2; (c) Xi =2 and yn> ^ and (d) Xi = 2 and i/n = 2. 

Since cases (b), (c) and (d) can be proved by similar arguments as in case (a), we only 
give the proof of case (a) to save space. 

There are n + 2 systems of equations and inequalities for a. The hrst and second are: 


( 1 ) 


Xt <Xi,t = 1, 

Xt = Xt,t = 2,... ,n, 
yt = yt,t = l,...,n-l, 
yt <yn-‘^,t = n. 


( 2 )<^ 


The Tth (i = 3, 


(Xt <X2,t = 1, 

Xt = xt+i,t = 2,... ,n - 1, 
xt = l,t = n, 
yt = yt+ut = l,...,n-2, 
yt = yn-‘2,t = n-l, 

{yt <l,t = n. 

,n,n > 3) system of equations and inequalities is: 


'Xt <Xi,t= 1 , 

Xt = xt+i-i,t = 2,...,n-i + l, 

Xt = l,t = n — i + 2, 

Xt = Xi — 2,t = n — i + 3, 

10 < n—2) t ^ f T 4, . . . , 7T,, 

I l/i = yt+i-i,t = 1,... ,n - i, 
yt = yn-2,,t = n-i + l, 
yt = l,t = n-i + 2, 
yt yt+i—n— 2 i t ^ i 3,..., n 1 , 

^yt — yi— 2 tt n. 

The last two are: 



'Xt 

< 


= 1, 








Xt 

= 

Xl - 

•2,t 

= 2, 


'xt 

< 

Xi - 

2,t 

n + 1) < 

Xt 

= 

Xt-1 

,t = 

3,... ,n. 

(n + 2) < 

Xt 

= 

Xt,t 

= 2, 

yt 

= 

l,t = 

= 1, 


yt 

= 

yt-1, 

t = 


yt 

= 

yt-i^ 

t = 

2,... ,n - 1, 


yt 

< 

yt,t 

= n. 


..yt 

< 

yt-i, 

t = 

n. 







In the first system, the last inequality is yn < |/n — 2, and in the (n + 2)-th system, the 
first inequality is Xi < Xi — 2, obviously those are impossible. If we add up the hrst to n-th 
inequalities and equations in the 0th system, then Xi < —1, i = 3,... ,n. It is impossible. 
Hence all those systems have no solution of positive integers, that is, a G V^Qdoif))- It 
can be shown that (3 G V{Qdo{f)) similarly. So a and (3 are 2-critical words for Qdoif)- 
By Proposition 1.5, Qd{f) yO Qd for d > do. □ 

Lemmas 2.2-2.5 also give several bad strings consisting of 4 blocks. Every one of those 
lemmas can be proved by a similar argument in Lemma 2.1. We omit the detail proof of 
every lemma, but present the p-critical words for Qdoif)- 


5 



Lemma 2.2. If xi = 1 and yn > Vi + 2, then Qd{f) Qd for d > 2Y,{xi + Vi) + yi- 

i=2 

n 

Proof. Let do = 2^{xi + yi) + yi. Then 

i=2 

Q: = l 02 ^il^ 2 g ?;2 ... and 

13 = IQyn^W^ ■ ■ ■ l^r.-iQyr.-iixr.Qyr.-yi- 2 iQyiQix 2 -iQy 2 ... 1 o2/«-1Q^" aie 2-critical 

words for Qdoif)- By Proposition 1.5, Qd{f) Qd for d > do. □ 

n n—1 

Lemma 2.3. Ifxn > xi + 2 and yi > yn + 2, then Qd{f) Qd for d>2^a;i + 2^l/j + 

i=2 i=l 

Xi+yn- 2. 

n n—1 

Proof. Let do > 2 ^ x* + 2 ^ l/i + Xi + |/„ — 2. Then 

i=2 i=l 

(X = 1^102^11*20^2 . . . ia:„-ig?;n-i ia:n-2g]^g?;i-2j^X2gy2 . . . l^Jn-i gi/„_i j^x„gi/„ 

f3 = 1 * 102211 * 202 / 2 ... p„-ig 2 ;n-ip„- 2 ^gg?;i- 2 ;^x 2 gy 2 ... pn-igy„-iare 2-critical words 
for Qdoif)- By Proposition 1.5, Qdif) Qd for d > do- □ 

n n—1 

Lemma 2.4. If Xn > Xi + 1 and yi = ?/„, then Qdif) 3^ Qd for d > 2J2 Xi + 2 Vi + 

i=2 i=2 

3>yi + xi - 1. 

n n—1 

Proof. Let do = 2 ^ x* + 2 ^ y* + 3?/i + xi — 1. Then 

i=2 i=2 

a = 1*102211*2 0222 ■ • • l*«-ll 0221 -lll* 2-10222 ■ • • pn-l gy™-! gyi 

j3 = pioyiia ;2 0 ^ 2 ... ia:n-iooyi-ioia; 2 -ioy 2 ... ia:„-igi;n-iia:„gyi 2-critical words for 
Qdoif)- By Proposition 1.5, Qdif) Qd for d > do. □ 

n—1 

Lemma 2.5. If yi > yn + ^ ond Xi = Xn = 1, then Qdif) 3^ Qd for d > 2 Xi + 

i=2 

n—1 

2 X] d* + dn + 2. 
i=l 

n—1 n—1 

Proof. Let do = 2 ^ Xi + 2 ^ l/i + ?/„ + 2. Then 

i=2 i=l 

a = 10221 1*20222 . . . lx„-igi;n-i-lggg?;i-llX 2 g ?;2 . . . ^x„_igy„_i ^gy„ 

[3 = 102211*2 0222 ■ 2 a:n-l 0 yn-l-lll 0 yi-lia: 2 gi ;2 . . . gy„_i ]^gy„ 2-Critical WOrds for 

Qdoif)- By Proposition 1.5, Qdif) Qd for d > do. □ 

If xi > 2 and yn>2, then / is bad by Lemma 2.1. So / is good only if one of xi and 
yn is 1. Without loss of generality let xi = 1 and |/n > 1 by Proposition 1.3. 

Proof of Theorem 1.1. Obviously, the good strings can be found in those which not 

be mentioned in Lemmas 2.1-2.6. As the above discussion, / is good only if xi = 1 and 

yn >1. If Xi = 1 and |/n > di + 2, then / is bad by Lemma 2.2. So / is good only if 

xi = 1 and i/n < 1/1 + 1- If = 1, Xn > 3 and yi>yn + 2, then / is bad by Lemma 2.3. 

So / is good only if xi = l,yn = yi + l and Xn > 1; xi = 1, yn = yi and Xn > 1; xi = 1, 
yn + I = yi and Xn > 1; or Xi = 1, i/i > //„ + 2 and 2 > Xn > 1. If Xi = 1, Xn > 2 and 
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Vn = yi, then / is bad by Lemma 2.4. So / is good only if xi = 1, ?/„ = 2/1 +1 and > 1; 
xi = 1, yn = yi - 1 and x„ > 1; Xi = 1, = yi and x„ = 1; or xi = 1, ?/i > ?/„ + 2 and 

2 > x„ > 1. If Xi = 1, x„ = 1 and yi > yn + 1, then / is bad by Lemma 2.5. So if good 

only if (a) Xi = 1 and yn = yi + 1; (b) xi = x„ = 1 and yi = yn] (c) xi = 1, x„ > 2 and 
yi = yn + 1; or (d) xi = 1, x„ = 2 and ?/i > ?/„ + 2. □ 

3 The index of string consisting of 4 blocks 

To prove Theorem 1.2, we need show that Qd{f) ^ Qd for every string / in Table 2 if 
and only if d < B{f), and Table 2 covers F. For the former, we prove it by Lemmas 3.1 
and 3.2. For the latter, we prove it by Lemma 3.3. 

Lemma 3.1. If f is one of strings (l)-(4), then it is good. 

Proof Let n = 2, x\ = yi = s, X 2 = t and y 2 = k. Then all the good strings from F 
must among (l)-(4) by Theorem 1.1. For the string (2), it is good by Theorems 4.3 and 
4.4 in [3]. To save space we only show that (4) is good indeed since (1) and (3) can be 
prowed to be good by similar method. 

Let d > 1, a = 0102 ■ ■ - Od, (3 = & 1&2 ■ ■ - bd & V{Qd{.f)), cbij 7^ h. and aj = a + e^, where 
j = 1,... ,p. Without loss of generality, assume Ojj = 0. Then the following claim holds. 

Claim: If p > 2, then there exists A: G {1, 2,... ,p} sueh that ak G V{Qd{f))- 

Proof. On the contrary we suppose that ak ^ V{Qd{f)) for all fc G {1, 2,... ,p}. Then we 

can show that p > 3 by all the three possible cases of the factor of ai containing 0 *^. 

Case 1. ai^^i^+,+k +2 = 000^0^. 

Since jd G V{Qd{f)) and 02 ^ ViQdif)), *2 e [zi + 1,+ s + A; + 2]. As s > A; + 2, 
there are two following cases for the coordinate of ^ 2 - 

Subcase 1.1. ^2 = + s + 2. 

In this subcase aij_j 2 +s+fc+i = 00®110^“O^0^. Ifp = 2, then /9j2-i,i2+s+fc+i = 100^“^1^0*^ = 
/, a contradiction since /3 G V{Qd{f))- So p > 3. 

Subcase 1.2. i 2 =ii + s + t + 2 for some t such that 1 < A < A:. 

In this subcase = 00'^110*“^00^1^0^. Ifp = 2, then /di 2 ,i 2 +s+fc +2 = 10^1^0^ = 

/, a contradiction since /3 G V{Qd{f))- So p > 3. 

Case 2. is preceded by = 10*010^. 

Since fd G V{Qd{f)), a 2 ^ V{Qd{f)) and s > k + 2, there exists some t G [1, A:] 
such that *2 = ii + t + 1. Hence Q!ij_s_i^j 2 +s+fc +2 = 10®010*“^00^1^0^. If p = 2, then 
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/9j2,i2+s+fc+2 = = /, a contradiction since 13 G V{Qd{f))- So p >3. 

Case 3. is preceded by Q;j^_s_ 2 ,ii+fc = 10^100^. 

Since (3 G V{Qd{f)), a 2 ^ V{Qd{f)) and s > k + 2, there exists some t G [1, k] such 
that i 2 = ii + t. So ai^-s- 2 ,i 2 +s+k +2 = 10^100*"^00*1^0^. If p = 2, then l3i^^i^+s+k+2 = 
10^1^0^ = /, a contradiction since j3 G V{Qd{f))- So p> 3. 

By the above discussions, we know that p > 3 and for j = 2 it satishes that either 
(A) ai._i^i.+s+k+i = or (B) ai.^i.+s+k +2 = 00^110^. Now we prove that it also 

satishes for j > 3 by induction on j. We assume that it holds for j such that 2 < j < d, 
now we prove it holds for j' + 1 under the inductive assumption (A) and (B), respectively. 

(A) . 

As /5 G V{Qd{f)), ctj+i ^ V{Qd{f)) and s > k + 2, there are two possible cases of ij+i. 

(A.l) = 1 and ij+i = ij + s + 1. 

In this subcase, is preceded by and followed by 

So 

(A.2) = 0 and ij+i = ij + s + t' + I for some t' G [l,k]. 

In this case, is preceded by Q;i,i^._2ll0^“^110*'“^ and followed by 0®1^0^Q;j^.^j+s+fc+3,rf. 
So %+i,i,+i+s+fc+2 = oomo^. 

(B) . a,^,,^.+,+fc+2 = OOniO^ 

Since (3 G V{Qd{f)) and oij+i ^ V{Qd{f)), there are two cases for the position of ij+i. 

(B.l) = 1 and ij+i = ij + s + 2. 

In this case, is preceded by Q;i^i^._i00®l and followed by 0^“^1^0^Q;j^.+s_i_fc+2,d. So 

ai,+i-i,*,+i+s+fc+i = 

(B.2) = 0 and ij+i = ij + s + t' + 2 for some t' G [1, k]. 

In this case, is preceded by and followed by 0®1^0^Q;j^.^j+s+fc+3,rf. 

So ai.^^j.^^+s+k+2 = oomo^. 

Thus, ai.^^j.^^+s+k +2 = 00*110^ or ai.^^-ij.^^+s+k+i = that is, (A) or (B) 

holds for j + 1. Specially, ai^j^+s+k +2 = 00^110^ or ai^-ij^+s+k+i = Hence 

Ap,ip+s+fc +2 = 10*110^ = / or (3i^_ij^+s+k+i = 100^-^110^ = f. It is a contradiction since 
/9 G V{Qd{f))- Thus the claim holds. 

Now we show that H{a, (3) = dq^^f) (a, /3) = phj induction on p. Obviously, it is trivial 
for p = 1. Suppose p >2 and it holds for p — 1. There exists some aj G V{Qd{f)) by the 
above claim, so p — 1 = dQ^(^f){aj, /3) by the induction hypothesis, hence p = dQ^(^f){a, /3) 
and so / is good. □ 

Lemma 3.2. If f is one of strings (5)-(14), then B{f) is given just as shown in Table 2. 



Proof. Let / be one of strings (5)-(14). We need show that Qd{f) Qd for d > B{f), 
and Qd{f) ^ Qd for d < B{f). For the former, we show there exist p-critical words for 
QB(f){f) fo the following, hence we know it holds by Proposition 1.4. 

(5) : a = and /3 = 

( 6 ) : a = P+20"-20lP0"P0^ and /3 = 

(7) : a = and /3 = 

( 8 ) : a = and /3 = 

(9) : a = lOnOOnO^ and 13 = 10"110"00^ 

( 10 ) : a = 10 ^ 00 "-^-fo 0 ^ 10 ^ and 13 = lO^lO'-^-^lO^lO^ 

(11) : a = r0*-for-fo0"-ir0^ and /3 = FO'-ilF-ilO^-^rO^ 

( 12 ) : a = 1 ^ 0 n*- 2010 "- 2 lfo^ and l3 = l^On^-^lOO'-^lfo^; 

(13) : a = l^On^onOO^ and /3 = FOn^O'OlO^ and 

(14) : a = 1^0"lfo^-2l01^-20"lfo^ and /3 = l^Onfo^-^Oll^-^Onfo^; 

(15) : a = l^OnfolOnfo^ and /3 = r0*l*100*P0^ 

For the latter, to save space here we only give the proof of (12), the others can be 
proved by similar discussions. Let d < B{f). Assume a = aia 2 ■ ■ ■ ad and (3 = 6162 ■ ■ - bd 
be any vertices of Qd{f), at. 7 ^ hi. and aj = a + ej, where j = 1,... ,p. Without loss of 
generality, suppose that = 1. Then we have the following claim: 

Claim Let p >2. Then there exists /c G {1, 2 ,... ,p} sueh that G V{Qd{f))- 
Proof. On the contrary we suppose that ak ^ V{Qd{f)) for all k E {1,2,... ,p}. Then we 
can show that p = 1 by the following cases. Hence we get a contradiction since p > 2. 

Case 1. ai^_r-si,h+s 2 +t+k = where si + Ss = s - 1. 

Obviously hy (3 E V{Qd{f)), Q e [ii + l,ii + S 2 + t + k]. Since 0:2 ^ V{Qd{f)), t > r + 2 
and s > k + 2, the position of *2 rnay be the following three subcases. 

Subcase 1.1. i 2 = H + 1, = 0 and S 2 = <s — 1. 

In this subcase aij^_r-s-t+ 2 ,i 2 +s+t+k -2 = P’O^l^^^lOO®”^!^^. But d = |q;| > 2s + 2t + 
r + Zc — 2 = i?(/), a contradiction. 

Subcase 1.2. *2 = H + >S 2 + t. 

In this case aij^_r-si,i 2 +s+k+t-i = l’’0*il0^2l*“O0*“^lfo^. But d = |q;| > 2 s + 2t + r + 
k — 1 > B{f), a contradiction. 

Subcase 1.3. i 2 = ii + S 2 + t + k. 

In this case aij^-r-.sj^,i 2 +r+s+k+t-i = 1^0®00*21fo^“^01^“fo^l*0^. But d = |q;| > 2s + 
2 t + 2 r + 2 /c — 1 > i?(/), a contradiction. 

Case 2. ai.^_r-s-t-ki,ii+k 2 = HO^lfo^OO^^, where ki + k 2 = k — 1, ki > 0 and /c 2 > 1- 
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We distinguish two subcases by r = 1 and r > 2 to discussion. 

Subcase 2.1. r = 1. 

In this case, 12 = ii + k^, + I for some /cs G [0, A ;2 - 1] and ai^^r-s-t-kuh+s+t+k = 
But d = |q;| > 2s + 2t + r + /c + 2 + fci + ^3 > B{f), a contradiction. 

Subcase 2.2. r > 2. 

In this subcase, there are two possible positions for * 2 - 
One is that *2 = b + ^2 and ai-^_r-s-t-ki,i 2 +r+s+t+k-i = 

But |a| > 2r + 2s + 2t + 2/c — 1 > B{f), a contradiction. The other one is that *2 = + 1, 

k 2 = 1 and ai,-r-s-t-k+ 2 ,i 2 +r+s+t+k -2 = r0*T0^O0^2-i0r-i0O*0^ But |a| > 2r + 2s + 
2t + 2k — 2 > B{f), a contradiction. 

Hence by the above discussion, if ak G V{Qd{f)) for all k E {1,2,... ,p}, then there 
exist no * 2 , that is, p = 1, a contradiction to p > 2. Thus the claim holds. 

Now we show that H{a,/3) = dQ^(^f){a, /3) = p by induction on p, where d < B{f). 
Obviously it holds for p = 1. Suppose p > 2 and it holds for p — 1. By the above 
claim there exists aj G V{Qd{f)), so H{aj,/3) = dQ^(f){aj, /3) = p — 1 by the induction 
hypothesis. Hence H{a,/3) = dQ^(^f){a, /3) = p, in other words, Qd{f) ^ Qd for d < B{f). 
Lemma 3.3. Table 2 covers F. 

Proof. First we show a relation between r, s, t and k by the following 36 cases in Table 
3, where all of r, s, t and k are positive integers. It is not difficult to hnd that {i.j) and 
{j.i) are the same case by Proposition 1.3. Thus we only need to discuss the cases {i.j) 
that i > j, where i,j = 1, 2,..., 6. 


Table 3: A relation between r, s, t and k. 



t > r + 2 

t = r + 1 

t = r 

r = t + 1 

r = t + 2 

r > t + 3 

s > A: + 2 

ITT) 

-(2J) 

7317 

747 

737 

737 

s = A: + 1 

7T21 

72 : 2 ^ 

7327 

747 

737 

737 

s = k 

7F31 

727 

73 ^ 

747 

737 

737 

k = s + 1 

Thi) 

727 

7347 

747 

737 

737 

k = s + 2 

713) 

727 

737 “ 

747 

737 

737 

k > s + 3 

7L61 

727 

7367 

747 

737 

767 


Case (1.1); t>r + 2 and s > k + 2. 

This case is covered by (12). 

Cases (2.1) and (2.2): t = r + 1 and s > k + 1. 

For the subcase r > 2 and k > 2, it is covered by (15). For the subcase r > 1 and 
A; = 1, its reverse is covered by (3). For the subcase r = 1, k > 2 and s = A; + 1, it is 
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covered by (3). For the subcase r = 1, /c > 2 and s > /c + 2, it is covered by (4). 

Cases (3.1) and (3.2); t = r and s > k + 1. 

For the subcases r = 1 and r > 2 it is covered by (10) and (11), respectively. 

Case (3.3); t = r and s = k. 

If r > 2 and k >2, then it is covered by (15), and r = 1 and k > 1 is covered by (2). 
Cases (4.1), (4.2) and (4.3) ; r = t + 1 and s > k. 

li k = 1, then its reverse is covered by (1). li k >2, then it is covered by (15). 

Cases (4.4); r = t + 1 and k = s + 1. 

This case is covered by (8). 

Cases (5.1), (5.2) and (5.3); r = t + 2 and s > k. 

If s = 1, then it is covered by (7). If s > 2, then it is covered by (6). 

Cases (5.4); r = t + 2 and k = s + 1. 

If s = 1, then its reverse is covered by (8). If s > 2, then it is covered by (7). 

Cases (5.5); r = t + 2 and k = s + 2. 

If s = 1 and t = 1, or s > 2 and t > 1, then it is covered by (8) or (15), respectively. 
Cases (6.1) and (6.2); r >t + 3 and s > k + 1. 

If s = 2, then it is covered by (13). If s > 3 and k = 1, then it is covered by (7). If 
s >3 and k = 2, then it is covered by (5). If s > 3 and k >3, then it is covered by (14). 
Cases (6.3) ; r > t + 3 and k = s. 

The reverse of subcases k = 1, k > 2 and k > 3 is covered by (9), (13) and (14), 
respectively. 

Cases (6.4); r >t + 3 and k = s + 1. 

If s = 1, then its reverse is covered by (8). If s > 2, then its reverse is covered by (14). 
Cases (6.5); r >t + 3 and k = s + 2. 

If t = 1 and s = 1, then its reverse is covered by (8). If t = 1 and s > 2, or f > 1 and 
s >2, then its reverse is covered by (14). 

Cases (6.6); r >t + 3 and k > s + 3. 

If s = 1 and t = 1, then it is covered by (8); If s = 1 and t > 2, or s > 2 and t > 2, 
then it is covered by (14). This completes the proof. □ 
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